We study relation of the Ricci Flow on 3-dimensional Lie groups and 4-dimensional Ricci-flat manifolds. In particular, we construct Ricci-flat cohomogeneity one metrics for 3 dimensional Lie groups.
Introduction
In this paper, we will discuss some relationship between the Ricci flow of leftinvariant Riemannian metrics on 3-dimensional unimodular simply-connected Lie group G and the Ricci-flat metrics of cohomogeneity one on the spacetime R × G.
First of all, we introduce the notion of cohomogeneity one metrics with respect to a Lie group G. Definition 1.1. A pseudo-Riemannian manifold (M, g) is a cohomogeneity one with respect to a Lie group G, if and only if G is a subgroup of Isom(M, g), and the codimension of principal orbits under the action of G equals 1.
The simplest example of a cohomogeneity one metric arises from the standard action of SO(n) to R n . The singular orbit is {0}, and the principal orbits are S n−1 of various radii.
In this paper, we attempt to construct cohomogeneity one Einstein metrics (in particular Ricci-flat metrics) from the Ricci flow solutions of leftinvariant metrics on 3-dimensional unimodular simply connected Lie groups. The Ricci-flat metrics obtained in this paper has the property that their sectional curvatures decay to 0 at one end toward which the metric is complete. Such metrics was studied by Lorentz, Gibbons, Hawking, Pope and many people. Some of them is called ALF and the Taub-NUT metric on R ×SU(2) arising from the Ricci flow of the left SU(2)-and right U(1)-invariant metrics on SU(2) is ALF.
Before proceeding to general 3-dimensional Lie groups, we examine the case of SU(2), which is well known. There exists a left-invariant coframe
on SU(2) satisfying dθ i = 2θ j ∧ θ k , where (i, j, k) are cyclic permutation of {1, 2, 3}. Then cohomogeneity one metrics with respect to SU(2) is described as
(1.1)
Some special cases of (1.1) are listed in the following examples:
1. If a = b = c are linear, then the metric g has constant curvature 0.
2. If a, b and c are constants, then the metric g becomes a product metric on R × SU(2).
3. If a = b = c = sin t, then the metric g has positive constant curvature.
4. If a = b = c = sinh t, then the metric g has negative constant curvature.
Thus, it is interesting to ask for which {a(t), b(t), c(t)} the resulting cohomogeneity one metric is Einstein. In this paper, when the triple of functions {a(t), b(t), c(t)} satisfies the Ricci flow equation, we examine whether the resulting cohomogeneity one metric is a Ricci-flat metric. This generalizes the above example 1. First of all, we define the Ricci flow again. In this paper, we define that a 1-parameter family g(t) of Riemannian metrics is the Ricci flow if and only if it solves ∂ ∂t g(t) ij = −Ric[g(t)] ij , and a 1-parameter family of Riemannian metrics g(t) is the backward Ricci flow if and only if it solves ∂ ∂t g(t) ij = Ric[g(t)] ij .
In the Introduction, the Ricci flow was defined by
The difference in 1 and 2 is just a choice of the scale and produces no trouble. Indeed, if we put h := k 2 g, where k is a positive constant, then
. In this paper, if k equals 1, we say that h(t) is a solution to the Ricci flow. Also the backward Ricci flow (in this paper) is defined similarly. Note that if we change t into −t, the Ricci flow equation changes into the backward Ricci flow equation.
Next, we review the Ricci flow on SU(2). Let
. The left-invariant metric g 3 is expressed as
Then the Ricci flow is equivalent to the system of ODE's:
(1.
2)
The behavior of solutions of (1.2) is known in [KM01, CK04] .
The solution of the Ricci flow equation exists on (−∞, T ), where T depends on the initial data, and if t goes to T , then g 3 becomes asymptotically round and shrinks to a point.
Next we consider a cohomogeneity one metric with respect to SU(2), given by
A typical example of cohomogeneity one metric with respect to SU(2) is the Taub-NUT metric, given by
As is well known, this metric has the following properties. First, this metric is a hyper-Kähler metric, and therefore this is a Ricci-flat metric. Secondly, we can put
and therefore the coefficient a equals b, but a is not equal to c (i.e., the metric on SU(2) part is left SU(2)-and right U(1)-invariant). Thirdly, the change of variables h = r+m r−m 1 2 and dt = hdr implies that this metric is regarded as a cohomogeneity one metric. Fourthly, it is easy to check that a, b and c
This system is equivalent to the backward Ricci flow equation for left-invariant metrics on SU(2). Thus we conclude that if coefficients {a(t), b(t), c(t)} move along the Ricci flow or the backward Ricci flow on SU(2), then the resulting cohomogeneity one metric (1.3) is the Taub-NUT metric and therefore Ricci-flat. 
on SU(2), then the cohomogeneity one metric
with respect to SU(2) on the space-time of the Ricci flow becomes a Ricci-flat metric.
It is important to pay attention to coefficients. Coefficients of metric (1.4) are a, b and c. But, coefficients of metric (1.5) are a 2 , b 2 and c 2 . Therefore, a, b and c are positive (because we consider left-invariant Riemannian metrics on SU(2)). Even if a, b and c are positive, we have still freedom in introducing minus sign before {a 2 , b 2 , c 2 } in the attempt to discover cohomogeneity one metrics on the space-time of the Ricci flow (this freedom is really essential in the case of E(1, 1) and SL(2, R)).
Remark 1.4. Even if a cohomogeneity one metric
with respect to SU(2) is Ricci-flat, it may not satisfy the Ricci flow equation nor the backward Ricci flow equation. We consider the Eguchi-Hanson metric as a typical example. The Eguchi-Hanson metric is given by
By the coordinate transform,
, dt = hdr, the metric (1.6) is regarded as a cohomogeneity one metric. Also this metric (1.6) is a Ricci-flat metric, but coefficients a, b and c satisfy the following system of ODE's:
These equations are neither the Ricci flow nor the backward Ricci flow.
We now study cohomogeneity one metrics constructed from the Ricci flow solution on other groups, and construct Ricci-flat metrics on their space-time. Ricci-flat metrics that we construct in this paper are listed in Table 1 .
Lie groups the Ricci flow equation signature of metric 
Preparation
We present the definition of a Milnor frame.
where n i ∈ {±1, 0}, then
is called a Milnor frame . As is well known, 3-dimensional unimodular simply-connected Lie groups were classified by Milnor [Mil76] .
Proposition 2.2 ([Mil76])
. Let {F i } be a Milnor frame. For signatures of {n i }, 3-dimensional unimodular simply-connected Lie groups are determined as Table 2 .
Signature
Lie groups description Let (M 4 , g) be a cohomogeneity one 4-dimensional manifold with respect to 3-dimensional Lie group G. Let {F i } 3 i=1 be a Milnor frame of G, and {θ i } the dual coframe of {F i }. Then the metric is expressed as follows:
From Theorem 1.1 (Koszul's formula), the Levi-Civita connection is expressed as below.
Proposition 2.4. Let g be the cohomogeneity one metric (2.1). Then the Levi-Civita connection is given by
Hence we obtain the Ricci tensor;
and other components are 0. Remark that if a, b and c are constants, then the Ricci tensor R 11 , R 22 and R 33 of the metric (2.1) are the Ricci tensors of a metric
3 The Heisenberg group
In this section, we consider the Heisenberg group H 3 and a cohomogeneity one with respect to H 3 . Let {F i } be the Milnor frame of H 3 , satisfying
Therefore the Ricci flow equation is given by
These equations were solved in [KM01] as follows:
where a 0 = a(0), b 0 = b(0) and c 0 = c(0). In particular, the behavior of this solution is the following: We use this lemma later to describe the resulting Ricci-flat metric on the space-time. Next we consider a cohomogeneity one metric with respect to the Heisenberg group H 3 . Let (M 4 , g) be a cohomogeneity one with respect to H 3 . Using the above frame, a cohomogeneity one metric is described as
, then {F i } becomes an orthogonal frame. The Ricci tensor of this metric is given by
2b 2 c 2 ,
Then g becomes a Ricci-flat metric.
Proof. An easy computation shows that
and ab, ac and b/c are constants. Using this fact and the equation (2.3), we obtain the statement.
Sectional curvatures of this metric are
2b 2 c 2 . From Proposition (3.1), we get the following proposition. 2. If t → −T , then K ij → ±∞.
Assume that a 0 b 0 c 0 is negative. Then 1. the parameter t exists on (−∞, T ′ ), where
Actually, this phenomenon is related with the hyper-Kähler structure. We confirm it from now on. Before we define almost complex structures, we put e 0 = dt, e 1 = aθ 1 , e 2 = bθ 2 , e 3 = cθ 3 .
Then {e i } 3 i=0 becomes an orthonormal coframe. Let {e i } be the orthonormal frame defined by e i (e j ) = δ i j . For i = 1, 2 and 3, we consider almost complex structures J i defined by
where (i, j, k) are cyclic permutation of {1, 2, 3}. It is easy to check that
where N J i is the Nijenhuis tensor of the almost complex structure J i . Therefore the almost complex structures {J i } are all integrable. We consider a triple of 2-forms (
for i = 1, 2, 3. Then 2-forms ω i are given by
where (i, j, k) are cyclic permutation of {1, 2, 3}. The above triple of 2-forms (ω 1 , ω 2 , ω 3 ) satisfies the following relations Equations (3.9b) and (3.9c) imply that ac and ab are constants. Using equations (3.9a)-(3.9c), we compute that
Hence we getȧ = − a 2 2bc .
Since aḃ = −bȧ = a 2 /(2c) and aċ = −cȧ = a 2 /(2b), we geṫ
Therefore a, b and c satisfy the Ricci flow equations on H 3 . Conversely, a, b and c satisfy the Ricci flow equations on H 3 , then dω i = 0.
Therefore the cohomogeneity one metric with (3.2) becomes the hyperKähler metric.
The group of rigid motions of the Minkowski

2-space
In this section, we consider the group of rigid motions of the Minkowski 2-space. Let
, and {θ i } the dual coframe of {F i }. Then a left-invariant metric is expressed as
Therefore the Ricci flow equation is given by 3. Put ρ := a/c, then
6. If t → +∞, then ρ → 1 and b → ∞.
7. If t → +∞, then a and c converge to a ∞ = c ∞ = √ a 0 c 0 .
We use this proposition later to describe the asymptotic behavior of the resulting Ricci-flat metric on the space-time. Remark 4.2. If a = c, then the metric (4.1) becomes a non-gradient expanding Ricci soliton. See Theorem ??.
Next, let (M 4 , g) be a cohomogeneity one with respect to E(1, 1). Let
and {θ i } be as before. Then a cohomogeneity one metric is expressed as
, we have an orthogonal frame
. The Ricci tensor is computed as
and other component are 0. The Ricci flow equation for (4.1) is equivalent to the following:
(4.5) Since d dt (ac) = 0, it is easy to check that
and this metric is not a Ricci-flat metric. Remark 4.3. The metric (4.3) with (4.5) is a Ricci soliton if and only if a = −c, in other words, a, b and c are constants. Furthermore, this Ricci soliton is the product metric on R × E(1, 1) and a non-gradient expanding Ricci soliton. We can check in the following way. First, because E(1, 1) ≈ R 3 , we can use standard coordinates (x 1 , x 2 , x 3 ) on R 3 . Secondly, since leftinvariant vector fields is given by
then we can write the Ricci soliton equation using standard coordinates (x 1 , x 2 , x 3 ) on R 3 , and we will obtain conditions of the Ricci soliton, for example,
Lastly, we check that ∇ i X j is not symmetric. Therefore this Ricci soliton is a non-gradient expanding Ricci soliton.
Next, we consider a cohomogeneity one metric
This metric has signature (2, 2). Put
. Then {F i } is the orthogonal frame. The Ricci tensor is given by 
(4.9)
Then the metric (4.7) becomes a Ricci-flat metric.
and ac is a constant. Using this fact, we obtain the statement.
Sectional curvatures of the metric (4.7) satisfying (4.2) are computed as
where ρ := a/c. Notice that if a 2 = c 2 , then signatures of sectional curvatures K ij are decided. From Proposition (4.1), we get the following proposition.
Proposition 4.5. Let a, b and c satisfy the Ricci flow equations (4.2).
1. If a 2 = c 2 , then the metric (4.7) becomes a zero curvature metric.
2. If a 2 = c 2 , then the metric (4.7) is a Ricci-flat metric, but K ij are not constant.
Assume that a 0 c 0 and b 0 are positive.
1. The Ricci flow exists on (−T, ∞), where T depends on the initial data.
If t → +∞, then all sectional curvatures
Assume that a 0 c 0 is positive, and b 0 is negative.
1. The Ricci flow exists on (−∞, T ), where T depends on initial data.
If t → −T , then sectional curvature
Assume that a 0 c 0 is negative, and b 0 is positive. Then the behavior of a, b and c is the backward Ricci flow of E(2) (see (5.1)).
Assume that a 0 c 0 and b 0 are negative. Then the behavior of a, b and c is the Ricci flow of E(2) (see (5.1)).
The group of rigid motions of the Euclidean
2-space
In this section, we consider the group E(2) of rigid motions of the Euclidean 2-space.
be the Milnor frame of E(2), satisfying
and {θ i } dual coframe of {F i }. Then a left-invariant metric is expressed as
Therefore the Ricci flow equation is equivalent to 3. Put k := a/c. Then we get
5. The coefficient b satisfies
We use above proposition later to describe the asymtptotic property of the resulting Ricci-flat metric on the space-time. Remark 5.2. Since E(2) is dynamically stable, the Ricci flow on E(2) converges to an Einstein metric. The details are written in [IJ92, Ses06, SSS08] .
Next, we consider a cohomogeneity one metric with respect to E(2). Let
and {θ i } be as before. Then the metric is expressed as
The Ricci tensor of this metric is given by
2b 2 c 2 , Proof. This is proved by routine calculations.
where k := a/c. We can observe similarities between the Ricci flow solutions on the space-times of the left-invariant Ricci flow solutions of E(1, 1) and E(2). For instance, we get the following proposition. Next, we define almost complex structures. Using E(2) ≈ R 3 , we can write
and
Then the metric on E(2) with a = b = c = 1 is
Let {e i } 3 i=0 be an orthonormal coframe defined by e 0 = dt , e 1 = aθ 1 , e 2 = bθ 2 , e 3 = cθ 3 .
Then
becomes an orthonormal coframe of cohomogeneity one metric g. Let {e i } be the orthonormal frame, satisfying e i (e j ) = δ i j . Since R 4 ≈ C 2 has natural almost complex structures {J i }, we analogously define almost complex structures J 1 and J 2 , satisfying
J 2 e 0 = cos y · e 1 − sin y · e 3 , J 2 e 2 = sin y · e 1 + cos y · e 3 , (J 2 ) 2 = −id.
If we put J 3 := J 2 J 1 = −J 1 J 2 , then J 3 becomes an almost complex structure. From direct computation we have
where N J i is the Nijenhuis tensor of J i . Therefore J i 's are all integrable. We consider a triple of 2-forms (ω 1 , ω 2 , ω 3 ), defined by
for i = 1, 2, 3. Then 2-forms ω i are given by ω 1 = e 0 ∧ e 2 + e 3 ∧ e 1 , ω 2 = cos y · (e 0 ∧ e 1 + e 2 ∧ e 3 ) − sin y · (e 0 ∧ e 3 + e 1 ∧ e 2 ), ω 3 = sin y · (e 0 ∧ e 1 + e 2 ∧ e 3 ) + cos y · (e 0 ∧ e 3 + e 1 ∧ e 2 ).
The above triple of 2-forms (ω 1 , ω 2 , ω 3 ) satisfies the following relations:
(ω i ) 2 = 0, ω i ∧ ω j = 0 (i = j).
Since de 0 = d(dt) = 0, de 1 =ȧdt ∧ θ 1 + aθ 2 ∧ θ 3 , de 2 =ḃdt ∧ θ 2 , de 3 = cdt ∧ θ 3 + cθ 1 ∧ θ 2 , we get dω 1 = (ċa + cȧ)dt ∧ θ 3 ∧ θ 1 , dω 2 = −(ȧb + aḃ + a − c) sin y · dt ∧ θ 1 ∧ θ 2 + (ḃc + bċ + c − a) cos y · dt ∧ θ 2 ∧ θ 3 , dω 3 = −(ȧb + aḃ + a − c) cos y · dt ∧ θ 1 ∧ θ 2 + (ḃc + bċ + c − a) sin y · dt ∧ θ 2 ∧ θ 3 .
Theorem 5.5. The cohomogeneity one metric g expressed as (5.2), where the triple {a(t), b(t), c(t)} satisfies the Ricci flow equation on E(2), is a hyperKähler metric. Conversely the cohomogeneity one metric g as in (5.2) satisfies dω i = 0 for any i = 1, 2, 3, then the triple {a(t), b(t), c(t)} satisfies the Ricci flow equations on E(2) . (5.11a) implies that ca is constant. Solveing the equations for (ȧ,ḃ,ċ), we obtain the statement of the theorem.
Therefore the cohomogeneity one metric (5.4) becomes a hyper-Kähler metric. Remark 5.6. In this section, we obtain the cohomogeneity one metric with respect to E(2) with the hyper-Kähler structure {J i }. From the definition of {J i }, the hyper-Kähler structure is non-trivial. The cohomogeneity one metric with respect to E(2) with the trivial hyper-Kähler structure (i.e. J i e 0 = e i , J i e j = e k , where (i, j, k) are cyclic permutation of {1, 2, 3},) is also a hyper-Kähler structure, however the triple of functions {a(t), b(t), c(t)} does not satisfy the Ricci flow equation. So we do not consider it deeply.
SL(2, R)
In this section, we consider SL(2, R). Let (M 4 , g) be a cohomogeneity one with respect to SL(2, R). Let {F i } 
